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A hyperfine transition in the ground state of Be* was used to test a nonlinear generalization of quan-
tum mechanics recently formulated by Weinberg. We searched for a dependence of the frequency of a
coherent superposition of two hyperfine states on the populations of the states. We are able to set a limit
of 4x10 %" on the fraction of binding energy per nucleon of the °Be* nucleus that could be due to non-

linear corrections to quantum mechanics.

PACS numbers: 03.65.Bz, 06.30.Ft, 32.30.Bv

Since the 1920s, quantum mechanics has passed
numerous tests as illustrated by the agreement between
the predictions of specific quantum-mechanical theories
and experimental measurements. For example, the mea-
sured energy levels of the hydrogen atom are in excellent
agreement with the predictions of quantum-mechanical
theory. However, this could be regarded as a test of the
accuracy of the Hamiltonian rather than a test of quan-
tum mechanics itself. It should be possible to test the
basic framework of quantum mechanics independently of
and more precisely than any particular quantum-me-
chanical theory. Recently, Weinberg "2 has formulated a
general framework for introducing nonlinear corrections
to quantum mechanics which enables such a test. He
has suggested that a sensitive way to search for possible
nonlinearities is to look for a change in a transition fre-
quency as the wave function of a system changes be-
tween initial and final states. Monochromatic radiation
used to drive the transition would therefore not stay in
resonance throughout the entire transition. If the transi-
tion can be driven experimentally in time 7, then the
maximum frequency shift due to the nonlinearity must
be on the order of 1/T. Because nuclear magnetic reso-
nance transitions in *Be* have been observed with T as
long as 1 s, Weinberg sets a limit of ~ 10 ' eV on the
magnitude of any such nonlinear corrections to the ener-
gy of the °Be nucleus. In this Letter we report an exper-

iment which improves this limit by 5 orders of magni-
tude.

In the formalism developed in Refs. 1 and 2, the equa-
tion which describes the time evolution of the wave func-
tion w(¢) is nonlinear and derivable from a Hamiltonian
function A(y,y*). For a discrete system, it takes the
form

L, dwk Ok (y,yv™*)
- > 1)
ih & v (

where y; is the amplitude of state k. In general, A is not
a bilinear function of y and y* as in ordinary quantum
mechanics, but the property of homogeneity [A(\y,y™*)
=h(y,Ay*) =Ah(y,y*) for any complex Al is retained.
Homogeneity guarantees that if y(¢) is a solution of Eq.
(1) then Ay(2) is also a solution representing the same
physical state. Homogeneity ensures the proper treat-
ment of physically separated systems and distinguishes
this formalism from previous nonlinear generalizations>*
and tests>S of quantum mechanics.

Consider a two-level system which in the absence of
nonlinear corrections has eigenvalues Ex, k=1,2. Be-
cause any nonlinear corrections to quantum mechanics
are expected to be small, it is reasonable to write the
Hamiltonian function as the sum of the bilinear term
hoCy,y*) =X =12EryEwi of ordinary quantum me-
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chanics and a term Ay (y,y™) that is not bilinear and
contains the small nonlinear corrections. A form of Ay
appropriate for the work discussed here is h,=nh(a),
where n=|y; |2+ |v2|2 a=|wy2|?/n, and & is a real
function.!? The nonlinear time-dependent Schrédinger
equation then takes the form

., d - dh| _

1h7‘llt1—- E]+h_ag; l[/1=hw](a)W1,

,-h_‘i"iz__ Ez-g-};+(1—a)ﬂ va=hoy(@)y,,
dt da

which has solutions
wi () =cye _im"(a)’, k=1,2, ()

where a and the c¢;’s can be parametrized by c;
=5in(6/2) and c;=a'?=cos(6/2). The relative phase
of the two components of the wave function (specifically,
the time dependence of the coherence wiy3) evolves
with a frequency

wp,=w(a) — wy(a) =wo— (dh/da)/h ,

where wo=(E | — E;)/h is the atomic transition frequen-
cy in the absence of nonlinearities. A two-level system is
mathematically equivalent to a spin-3 system in an
external, uniform magnetic field, where 0 is the angle by
which the spin is tipped with respect to the magnetic
field and w, is the precession frequency of the spin about
the magnetic field.” In the language of the equivalent
spin-3 system, the effect of the nonlinear correction
dh/da is to create a dependence of the precession fre-
quency w, on the tipping angle 6 between the spin and
the magnetic field.

We searched for a 6 dependence of the precession
frequency of the (my,m;)=(—% +3)—(—3,+31)
hyperfine transition at ~303 MHz in the ground state of
%Be* (see Fig. 1). At a magnetic field B of 0.8194 T,
this transition, referred to as the clock transition, de-
pends only quadratically on magnetic field fluctuations.
With y;=y(—3,+ %) and y,=(— §,+ %) the sim-

clock (my, my)
transition
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(-112, -112)
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FIG. 1. Hyperfine energy levels (not drawn to scale) of the
Be™* 25251, ground state as a function of magnetic field. At
B =0.8194 T the 303-MHz clock transition is independent of
magnetic field to first order.
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plest nonbilinear addition to the Hamiltonian function of
the free Be* nucleus for the two states is 2

h(a) =2¢a?, 3)

where € is a measure of the strength of the nonlinear
correction. This gives rise to a dependence of w, on 6 of

wp =wo—4(e/h)cos?(6/2) . @

This discussion assumes that the *Be* nuclear spin is
decoupled from the valence electron spin and therefore
the (—%,%) and (— %,%) states are pure (m;,my)
states. At a magnetic field of 0.8194 T these states have

a 0.02 to 0.03 amplitude admixture of m; =— 1 states.
This creates small corrections to Egs. (3) and (4) which
we neglect.

Between 5000 and 10000 °Be* ions and 50000 to
150000 Mg ™ ions were simultaneously stored in a cy-
lindrical Penning trap® with B=0.8194 T under con-
ditions of high vacuum (S107% Pa). To minimize
second-order Doppler shifts of the clock transition, the
Be* ions were cooled to less than 250 mK. The *Mg™*
ions were directly laser cooled and compressed by a
narrow-band (~1 MHz) radiation source at 280 nm.’
The °Be™ ions were then sympathetically cooled'® by
their Coulomb interaction with the cold Mg™ ions. A
narrow-band 313-nm radiation source was used to opti-
cally pump and detect the °Be™ ions.!'''> With the
313-nm source tuned to the 25 2S,,(m; =3 m;=1) to
2p?P3/,(3, %) transition, 94% of the Be* ions were
optically pumped into the 2525,,(3,%) ground
state.'""!2 The 313-nm source was then turned off to
avoid optical pumping and ac Stark shifts. The sym-
pathetic cooling of the *Be ™ ions by the Mg? ions pro-
vided a steady cooling source independent of the 313-nm
radiation and therefore permitted the use of long transi-
tion times.

The clock transition was detected by the following
method. After the 313-nm source was turned off, the
ions in the (3, 5 ) state were transferred to the (4, 1)
state and then to the (— 1, 1) state by two successive rf
n pulses. Each pulse was 0.2 s long and resonant with
the appropriate transition frequency (around 321 and
311 MHz, respectively). The clock transition was then
driven by Ramsey’s method of separated oscillatory
fields'® with rf pulses of about 1-s duration and a free-
precession time on the order of 100 s. This transferred

some of the ions from the (— 1,1) state to the

— 3,7 ) state. Those ions remaining in the (— &, 4

state were then transferred back to the (3, 5 ) state by
reversing the order of the two rf x pulses. The 313-nm
source was then turned back on, and the population of
ions in the (— %, § ) state was registered as a decrease
in the *Be* fluorescence, relative to the steady-state
fluorescence, during the first second that the 313-nm
source was on. [The optical repumping time of the ions

from the (— 3, 1) state to the (£, 1) state was an or-
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der of magnitude longer than this.]

For the test of nonlinearities, Ramsey’s method with
unequal rf pulses was used to drive the clock transition
and measure w, for different values of 6. First an rf 6
pulse of duration 7o was applied. This prepared the ions
into a coherent superposition of the (—%,%) and
(— %, 1) states given by Eq. (2) for a particular value
of 6. The value of @ was determined from 8= (z4,1,) 7,
where 7, was the length of time to drive a x pulse at the
same rf power. After the rf 6 pulse, the ions freely pre-
cessed for a time T. This was followed by an rf z/2 pulse
coherent with the first pulse which completed the Ram-
sey excitation. In the limit that 7> 7y, 7./, the Ramsey
line shape [specifically, the number of ions remaining in
the (— %, 1) state as a function of the rf frequency ® in
the Ramsey excitation] is proportional to

1 —sinfcosflo — ,(8)1T},

where ,(8) is given by Eq. (4). The center frequency
of the Ramsey line shape is the precession frequency
w,(0). Figure 2 shows a Ramsey signal obtained with
T=150s and 6 =n/2.

The Ramsey signal was used to steer the frequency of
a synthesized rf source.!! Ramsey-signal measurements
were taken near both of the full-width-at-half-maximum
frequencies w+=2av+ and w-=2zv_, where v+ and
v— are indicated in Fig. 2. The difference in the mea-
sured signal strengths on either side of the line center
was used to electronically steer the average frequency of
the synthesizer to ®,(6). Eight pairs of measurements
were taken with an angle 6,4 =1.02 rad followed by eight
pairs of measurements with an angle 65 =2.12 rad. This
pattern was repeated for the length of an entire run as
indicated in Fig. 3. The average frequency of the syn-
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FIG. 2. Ramsey signal of the clock transition with 7=150 s
and 6=r/2. The data are the result of one sweep (that is, one
measurement per point). The sweep width is 9 mHz and the
frequency interval between points is 0.750 mHz. The dots are
experimental and the curve is a least-squares fit. The signal-
to-noise ratio is limited by the frequency stability of the refer-
ence oscillator. The full-width-at-half-maximum frequencies
are indicated by v+ and v-.

thesizer for 6 =0, was then subtracted from the average
frequency of the synthesizer for 6=65. Run lengths
varied between 4 and 10 h. The uncertainty was due to
the frequency instability of the reference oscillator used
with the synthesizer. Most runs were taken with a com-
mercial cesium beam clock [fractional frequency stabili-
ty'* 6,(r)~6x10"'22 712 for measurement time 7 in
seconds] as the reference oscillator. For a limited time
we had access to a passive hydrogen maser!® [o,(7)
~(2-3)x10"'2¢712] and a few runs were taken with
the passive hydrogen maser as the reference oscillator.

Runs were taken with free-precession periods of T
=30, 60, and 100 s and rf pulse lengths of 7,4 =0.657,/,,
t3=1.357,, with 7,,=0.5, 1, and 2 s. A weighted
average of the synthesizer frequency differences for
0=0,4 and =0z from 25 runs is 2.7(6.0) uHz. The un-
certainty (in parentheses) is the external error calculated
from the scatter of the 25 measurements from the
weighted average and is in good agreement with the
internal error of 5.7 uHz calculated from the uncertain-
ties of each of the 25 runs. The time constant of the ser-
vo would have decreased the apparent size of a real fre-
quency difference by 28%. This results in a possible
dependence of the precession frequency on 6 of
[w,(08) —,(64)1/27=3.8(8.3) pHz and from Eq. (4)
a value for the parameter € of

e/2nh =1.8(4.0) uHz. )

The error is a 1 standard deviation uncertainty. A few
runs were also taken with =x/2. The frequency w,(z/
2)/2n was compared with the frequencies w,(64)/2x
and w,(0g)/2x for runs taken within a few days of each
other. The standard deviation of the frequencies from
their average was 6 uHz, consistent with the 7-uHz un-
certainty of the frequencies. The 8=x/2 runs do not im-
prove the limit of Eq. (5) on a possible correction to w,
linear in a, but in general can be used to help place limits
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FIG. 3. °Be™ precession frequency w,(t), referred to a pas-
sive hydrogen maser, as a function of time for a single run with
T=100 s. The periods 4 (B) during which the initial Rabi
pulse created a mixed state with angle 6,4 =1.02 rad (65 =2.12
rad) are indicated.
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on a more complicated form for 7 (a).

Equation (5) sets an upper limit of |e| <2.4x10~%°
eV (5.8 uHz) for a nonlinear contribution to the Be*
nuclear Hamiltonian. This is less than 4 parts in 10?7 of
the binding energy per nucleon of the *Be ™ nucleus and
improves the limit set in Ref. 1 by roughly 5 orders of
magnitude. The limit on |e| is also 5 orders of magni-
tude smaller than experimental limits placed by neutron
interferometry>® on |b |, where b is the coefficient of a
logarithmic addition —by(x)In|y(x)|? to the one-
particle Schrodinger equation. However, this nonlineari-
ty does not satisfy the property of homogeneity and
therefore these experiments> test for a nonlinearity
which does not satisfy the requirements of the frame-
work developed by Weinberg. Our experimental result is
limited by statistics due to the frequency instability of
the reference oscillator. The largest known systematic
error of our measurement of w,(6) is the second-order
Doppler (time dilation) frequency shift due to the tem-
perature and E X B rotation of the ions in the trap.!! Its
size is less than 3 uHz (1x10 ~!%). We believe it can be
held constant to significantly better than 10% over the
time required to make a frequency difference measure-
ment. With a better reference oscillator or a second
9Be™ clock, it should therefore be possible to improve
our limit on |e| by more than an order of magnitude.
Improvements on this measurement may also be possible
using nuclear magnetic resonance techniques on neutral
atoms. 6!
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